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1 Introduction and Main Result

Finding integer solutions of Diophantine equations has always
been the main focus of Number Theory. Recent Mouanda’s work
on matrix solutions of Diophantine equations [1] leaves us without
doubt that several Diophantine equations always admit an infinite
number of matrix solutions. Finding matrix solutions with positive
integers as entries of Diophantine equations becomes the main new
research topic of the Galaxy Number Theory introduce by the
author in 2021 [2].

In this paper, we introduce the stability coefficients and stable sets
of complex polynomials. We introduce matrix graphs and the
construction structures set. We also introduce matrix polynomials
generated by matrix graphs called matrix networks. We prove that
any n-tuple of commuting contractions of matrix networks satisfies
the von Neumann inequality. We show that some particular
complex polynomials over N which don’t have any positive integer
roots can have matrix roots with positive integers as entries. These
matrix roots are construction structures of matrix solutions of
Diophantine equations.

Theorem 1.1. Let Sy ={a;:a; #0,q; #1;i = 1,...,n},n >
2, be a set of n prime numbers. Let (fs,(x)),s2 be a sequence of
complex polynomials over N defined by

n

fsn (x) =x"— l_lai.

i=1
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Then, the complex polynomial fs, (x) does not have any positive
integer roots for every n. However, the matrix Diophantine
equation defined by

fsn(X) = 0,X € M, (N),

admits at least 2n matrix solutions for every n. Moreover,
the Diophantine equation X'+ -+ X, =XJ..,,n,m = 2,
admits an infinite number of matrix solutions with positive
integers as entries.

2 Preliminaries

2.1 Rare Matrices

Definition 2.1. A matrix B € M,(N) is a construction structure of
matrix solutions of Diophantine equations if there exist two
positive integers m, B such that B™ — 8 x 1, =0.

Denote by
D,(N)={B€e M,(N): B~ xI,= 0,m,B € N}

the set of all matrices of M,(N) which are construction
structures of matrix solutions of Diophantine equations. A
matrix Diophantine equation can admit several construction
structures [3].
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Definition 2.2. [1]. The n xn-matrices of the form

0100 ...000°0 0000 ...000°@%®
0010 ...0000 1000 ...000°0
0001 ...0000 0100 ...0000
0000 ...000°0 0010 ...0000

0000 ...0100 0000 ...0000

0000O0...00°¢01 0000 ...0100
a 000 ... 0000 0000..0010

,a#0,c#0,b+0,a,b,c €C, are called Rare matrices of
order n and index 1.

The index defines the number of non-zero complex coefficients
of the matrix different to 1. It well known that Rare matrices have
interesting properties.

Remark 2.3. [1]. Let

0100 ...00@0P¢0
0010 ...0000
010 10¢ T e 20 0::0 0
000O0...000O00O0
Pl E o bbb | e Mu(C)a#0,
00 0 0 w0 '@ 220 0
0/40 00 s Q0L D
0600 5@ 00 1

be a Rare matrix of order n and index 1. Then

a 000 0000 0000 ...000 =
0 a 00 0000 1000 ..0000
00 a0 ..0000 0100 ..0000
00 0 a 00 00 0010 ...000°0
A= A P A= U
0000 ..a000 0000 ..0000
0000 ..0a00 0000 ..1000
0000 ..00a0 0000 ..0100
0000 ..000a 0000 ..0010

A7 = AT AP — al,, (BAL) = %A;Rﬁ £0.

2.1 Graph Theory

In mathematics, the study of graphs is called graph theory. Graphs are
mathematical structures used to model pairwise relations between
objects. A graph in this context is made up of vertices (also called
nodes or points) which are connected by edges (also called arcs, links
or lines). A distinction is made between undirected graphs, where
edges link two vertices symmetrically, and directed graphs, where
edges link two vertices asymmetrically. Graphs are one of the principal
objects of study in discrete mathematics, computer sciences,
linguistics, physics and chemistry, social sciences, biology,
mathematics (geometry, topology, Algebraic graph theory).

dge
re & oy

Definition 2.4. A graph is an ordered triple G = (V, E, ¢)
comprising

® V, a set of vertices (also called nodes or points);
® E, asetof edges (also called links or lines);

® o E—>{Xy}:xy €V, xE y}an incidence function mapping
every edge to an unordered pair of vertices (that is, an edge is
associated with two distinct vertices).
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In the edge {x, y}, the vertices x and y are called the endpoints
of the edge. The edge is said to join x and y and to be incident
on x and on y. A vertex may exist in a graph and not belong to

an edge.

3 Stable Sets and Roots of Complex
Polynomials
31 Stability Coefficients and Stable Sets of Complex
Polynomials
Let
[ =) @zt
k=0

be a complex polynomial over C and let o be a complex
number. The set denoted by

S(a) ={z €C:f(2) = o}

is called a stable set of the complex polynomial f (z). The
complex number « is called the stability coefficient of f. Let
(fa(X)),>1 be a sequence of complex polynomials over N
defined by

fa(x) = x".

For every positive integer n, the complex polynomial f,(x) does
not have any stable set which has more than two elements.
This observation could be different when the sequence (f,(X)),>1
is a sequence of complex polynomials over M, (N) defined by

f.(X) = X"
In this case, Rare matrices play an important role.

3.2 Sequences of Complex Polynomials over N without
Positive Integer Roots

There are many ways we could construct sequences of complex
polynomials over N" without positive integer roots. The matrix
roots of these polynomials allow us to compute the matrix
solutions of certain Diophantine equations. Let (f,(x, Y, 2)),»1 be
a sequence of complex polynomials of three variables over N*
defined by

fa(x,y,z) = x"+y" —2".

The matrix roots of these complex polynomials allow us to find
matrix solutions of the Fermat Diophantine equation.
Recently, Mouanda proved that the Diophantine equation x" +y"
= 7" has an infinite number of matrix solutions. We want to
investigate new types of matrix solutions induced by Rare
matrices. Functional Analysis and Operator Theory both play
an important role in this study. Let (f,(X)).»1 be a sequence of
complex polynomials over

Z defined by
£,00 = x2" + 2n + 1.
Let (E,),>1 be a sequence of equations defined by
E, : fu(x) = 0.
In other words,
E,={x €Z:f,(x) = 0}.

The polynomial f,(x) does not have any integer root for every n.
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This means that the set E, does not have any element. We
want to investigate the matrix roots of the polynomial f,(x).
This require a deep understanding of the construction structures
of matrices.

4 Construction of Matrix Graphs of order 7

In this section, we introduce the idea of matrix graphs which are
mathematics objects called construction structures obtained by
moving the entries of the first column, which are different to
zero, between rows and drawing edges between the entries a;;
and ayj.1, 1 £ k. Let a be a positive integer. Let

0100000
O 010000
0001000
Ay=] 0000100
00000710
000 O0O0O0T1
o 00 0 0 0 0

be a Rare matrix of order 7 and index 1. We can generate
elements of the set D; (N) by moving « between rows of the
matrix A, ;. Indeed,

0010000 0100000
0001000 0001000
0000100 0000100
Apa=| 0000010, Az=l0000010
0000001 a 000000
a 000000 0000O0O0OT1
0100000 0010000
0100000 0100000
0010000 0001000
000O0T1O00 a 000000
Agy=|la 000000 |. 4=l 0000100
000O00O0T1O0 0000O0T10
0000001 00000D01
0001000 0010O0O0O0
0010000 0010000
a 000000 0000001
0001000 0001000
A=l 0000100 |.4.=l0000100
0000010 0000010
0000001 0100000
01000O0O0 a 000000

We can checkthat A}; = a x I,j = 1,2,3,4,5,6,7.
Therefore, the matrices A,; are elements of the set D;(N).
Every matrix A,; is called a matrix graph generated by the
matrix A, 1. The set denoted by

Graz(Aa) = {AQ_J,-:A?;J tj= 1....‘7....m} C D;(N)

is called the set of all matrix graphs generated by A,;. As we
said before, the elements of the set Gra;(A,;) are obtained
by moving appropriately between rows the entries of the first
column of the matrix A,; and drawing edges between the
entries a;; and ayj.1, i & k. Therefore, a matrix graph is a
construction structure of matrix solutions of Diophantine
equations.

4.1 Construction Structures Sets Generated by Matrix
Graphs

In this section, we construct the elements of the set D;(N).
There are several ways of constructing the elements of the
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set D;(N). The motion of the positive integer a between
different columns inside the matrix A, ; of the set Gra;(A, 1),
generates new elements of D;(N) denoted by A, ;. k=1, 2, 3,
..., 7. In other words, elements of the set Gra;(A, 1) generate
others elements of the set D,(N). Indeed, consider the
matrices A, 1,j =1,...,7,

defined by

o1 00000 0 a0 0000
O01r0000 0010000

A=l 0000100,
0000010 0000010
0000001 0000001
a 000000 1000000

o1 00000 0100000
00 a 0000 0010000

As=| 0000100 | A =] 0000100
0000010 0000010
0000001 0000001
1000000 1000000

0100000 0100000
0010000 0010000

Aoys=] 0000 a 00|, 46=] 0000100
0000010 00000 adD
0000001 0000001
0000 1000000

0100000
0010000
0001000

Avir=l00D00 100
0000010
000000 a

1000000

It is simple to verify that A7 | | = o x I;. Therefore, the set

CS(Ap) = {Aarip ALt k=1,2,3,...7} .
is
called the construction structures set generated by the
matrix A,;. We could construct the set

(rS':_-J-n.) )= ‘{-J-n.).k- -4-.1

..

1k=1,2,3,..7}
which is the construction structures set generated by the
matrix A,;.

4.2 Construction Structures Induced by Finite Sets of
Positive Integers

Let S ={a,, a,, as, a4, as, ag, a7} be a finite set of positive integers.
Suppose

=
—
=

0000
0000
1000
0100
0010
0001
0000

= o
oo
= =

":10:.1 =

=
=
=

T Cc oo o Cc o
= =
= =

=
=

a Rare matrix of order 7 and index 1.
a new matrix A, 1(S) defined by

0 az 0 0 0 0 0
0 0 az 0 0 0 0
00 0 ai 0 0 0
Apa(SY=]1 0 0 0 0 a3 0 O
00 0 0 0 a O
00 0 0 0 0 ar
a; 0 0 0 0 0 0

€ Dy(N).
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This matrix is obtained by just replacing the non-zero entry of

the row i of the matrix A,; by the element & of the set S. The
matrix A, 1(S) is called the construction structure induced by

the set S. The same thing could be done with the matrix

(U 001000 0Y
0001000
0000100

Aso=]1 00000 10
0000O0O01
a 000000
\0 100000
In this case, we have

0 0 ag 0O 0 0 0
0 0 0 agy 0O 0 0
0 0 0 0 a3 0 0

Aﬂ_g(S): 0 0 0 0 0 ag 0O

00 0 0 0 0 a;
a; 0 0 0 0 0 0
0 az 0O 0O 0 0 0

0 0 ag 0 0 0 D 0 ap 0 0 0 0 0
00 0 ai 0 0 D 00 0 ai 0 0 0
00 0 0 as 0 D 00 0 0 as 0 0
4,8)=] 0 0 0 0 0 a5 0 |.448=]0 0 0 0 0 a 0
00 0 0 0 0 ar ar 00 0 0 0 0
ap 00 0 0 0 0 00 0 0 0 0 ar
0 az 0 0 0 0 0 0 0 a; 0 0 0 0

We could construction structures sets

CS(Aa2(S)) = {Aa2k(S), AL 1(S) 1k =1,2,3,....T}

and -
C8(Au3(S) = {Aaskl(S), AL 4 1(8) 1k =1,2,3,...,7}.

In the same way. we could construct the set
CS(Aaj(S)) = {Aajrl(S). AL 4(S) 1 k=1,2,3,....T}
which is the construction structures set generated by the
matrix A, (S).
4.3 Applications
4.3.1 Matrix Solutions of the Diophantine Equation X' +Y7 =7’

Recall that

We can construct the elements of the set CS(A,:(S)) and
CS(A,,2(S)) by moving a; between columns. Indeed, consider
the matrices

An1alS) = 0 0 0 0 a 0 0 |.A02(S5)= o 0 0 0 a 0 0

Aa1a(8) = o 0 0 0 ag 0 0

cAaalS) = g 0 0 0 a 0 0

Aaia(S)=1 0 0 0 0 a 0 0 |.As(S)=] 0 0 0 0 a 0 0

flrn,li =

oo oo R O

—oocoooo

cococoo o

DO OO = OO

oo =RoDDoDo

coRroocoo

=R e B R e I

Ee
3
4
1]
PRoocoocoo

D= 000 o0

coooo o

oo oo oo

ScSoomoS oo

o [ B e [ s [ s B ]

coooo QO

Let S; = {ay,a, a3 &y, 85 86,87} and S; = {by, by, bs, by, bs, bg, b7}
be two finite sets of positive integers. We could define A, (S;)

and A, 7(Sy) as

As17(S) =

0

1]

s 0

g
0
0
0

0

0
0
ag
0
0

0

0
0
1]
ay
1]

Again, the construction of the matrix A,;x(S) requires that
the element a; of the S must occupy the column k. The set

CS(Aa1(5)) = {Aar k() AL, 4(S) ik =1,2,3,..,7}

is called the construction structures set generated by the
matrix A, 1(S). Also, we have

-

P = H“*’ x I, YP € CS(Aanr(S9)).

i=1

We could also construct the set CS(A,,»(S)). Recall that

0 0 a 0 0 0 0O 0 0 b 0 0 0 0
ag 00 0 0 0 0 0 0 0 0 0 0 b
0 0 0 a 0 0 0O 0O 0 0 b 0 0 0
Aus(S1) = 0 0 0 0 as 0 0O Aar(S2) = 0 0 0 0 b6 0 0
00 0 0 0 ag 0 00 0 0 0 b 0
0 0 0 0 0 0 a 0 b 0 0 0 0 0
0 az 0 0 0 0 O b 0O 0 0 0O 0 0
It is possible to construct a graph defined by lines
between the vertices {a;, aj+1} and {b;, bjs1}-
1
0
Au
1/ R N
7|
R \ D\l
Q
; ! 73
a
H
-
2|
]
1
n 1 2 2 a 3 A 7 £} Qa 10 11 12

Figure 1: Graphs of Matrix Graphs

The graph of a matrix graph is the representation of the set of
matrices with the same path. Suppose that
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01 0000O0O
0010000
0001000 7 T
Agi=| 0000100 [.8=]]a+]]t-
0000010 i—1 i1
00000O0TO01
5000000
We can deduce that
0 0 az 0 0 0 0N f0 0 by 0 0 0 0\
ar 00 0 0 0 O 00 00 0 0 br
0 0 0 ag 0 0 0 00 0 b 0 0 0
00 0 0 a 0 0| +| 0 0 0 0 b 00/ =47,
0 0 0 0 0 ag O 00 0 0 0 b 0
000 0 0 0 a 0 b 0 00 0 0
0 aa 0 0 0 0 0 by 0 0 0 0 0 0

Therefore, the matrix triple (A,6(S1), A,7(S2), Ag1) is a matrix
solution of the Diophantine equation X' +Y7 =277,

Notation: Denote by
Aus(N) = {A6(S1) 1 S1 €N},
A, 7(N) = {A,7(S2) - S; N}

and

‘411,6({1” = -’L\T({l}] =

coooco-o
~moocooo o
Do OO o=
SCocoo=oOCo
o= I B B e B e |
oo o Qo
orococooo
===
L=l e B e e i e i = ]
DD DO =
oo o=oo
ocCoco=ooC
= e B e [ B Y < |
oo o oo

Let notice that A, s(N) is the set of matrix with the same
graph.

Remark 4.1. Let n be a positive integer and let S = {a;, a,, a3, as,
as, a5, a7} be a finite set of positive integers. Then,

0 0 az 0 0 0 0 0 0 a 0O 0 0 0
00 0 0 0 0 ar 0 0 0 0 0 0 a
00 0 ag 0 0 0 0 0 0 a 0 0 0
nl 00 0 0 a 0 0| =] 0 000 a 0 0
00 0 0 0 ag 0 0 0 0 0 0 a 0
0 az 0 0 0 0 0 0 a 0 0 0 0 0
aa 00 0 0 0 0 na;, 0 0 0 0 0 0

This observation allows us to construct matrix solutions of the
Diophantine equation

Xf+Xf_:'+.--+Xﬁ=X:u-”22‘

Indeed, assume that n = 10 and

00 az 0 0 0 0 0 0 as 0 0 0 0
000 0 0 0 0 a 0 0 0 0 0 0 a
000 0 a; 0 0 0 0 0 0 a 0 0 0
AS)=] 0 0 0 0 as 0 0 |[,BS)=] 0 0 0 0 a5 0 0
000 0 0 0 a 0 0 0 0 0 0 a 0
0 az 0 0 0 0 D 0 a 0 0 0 0 0
a 0 0 0 0 0 0 0a, 0 0 0 0 0 0

A simple calculation shows that the 10-tuple
(A(S), A(S), A(S), A(S), A(S), A(S), A(S), A(S), A(S),

is a matrix solution of the Diophantine equation

X{ + X35 + ...+ Xy = X7,

B(S))

22

4.3.2 Construction Structures and Integer Factorization

Let S = {a, ay, as, a4, @s, a5, a7} be a finite set of prime numbers
such that a; < aj+;. Find the matrix the matrix A(S) € M7(N)
such that

A(S)" =[] @i % Ir = 3,212,440,751 x Iy.

i=1

This matrix is an element of the set D;(N). A simple
calculation shows that 13 x 17 x 19 x 23 x 29 x 31 x 37 = 3, 212,
440, 751.

Finally,
a;=13,a,=17,a3=19,a,=23,a5=29,a¢ =31,a; = 37.

0 az 0 0 0 0 0 017 0 0 0 0 0

0O 0 0 as 0O 0 0 0O 0 0 23 0 0 0

ap 00 0 0 0 0 3 0 0 0 0 0 0
AsS)=| 0 0 0 0 a; 0 0 |=| 0 0 0 0 29 0 0

0O 0 0 0 0 a 0 o 0 0 0 0 31 0

0o 0 0 0 0 0 a o 0 0 o0 0 0o 37

0 0 a3 0 0 0 0 O 0 1 0 0 0 0
4.4 Matrix Networks (Matrix Polynomials) and von

Neumann’s Inequality for Complex Polynomials of
Several Variables

In this section, we construct n-tuples of commuting contractions
which satisfy the von Neumann in equality. Assume that b; =
1 and let

be

I

=

g

s

5

L

I
=0 o oo oo
o TR e R e Y e I e Y
e T e s Y e Y e s )
DO OoO=OoOOo
oo =o oo
oo = o0 o0
o e [ e T o i o B e

be a matrix graph. A simple calculation shows that

k
ey €5 € € C3 € C

6 6
A= Z o Xk = z Cp
k=0

k=0

[ == == = I e I o I e

oo oDCo oo

cocoocooo o

coocoRroo

o e R T e o I

oco~ROoDCo OO

cocoocoo~=o

Co
Cq

5 C3

Ca
(5]
Co

&)
€p
Cg
s
[}
€

cy
C1
(1]
6
5

Cy

Cs5
2
(&)
‘o
s
Cy

Ce
c3
Co
€1
co
Cs

cy
cs
o
Cg
C2

Cy

This matrix is called a matrix network. We can now introduce the
matrix network graph of A.

Network.pdf

Figure 2: Matrix Network Graph
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Let notice that inside the graph of a matrix network there is a graph
of a matrix graph and matrix networks are matrix polynomials of
one variable generated by matrix graphs. The set

Cop € € €3 €3 C4 Cg
Ca Cp C3 €4 C5 Cg €
Cg €4 Cp Cp C2 C3 €5

Vi(X) = Cs €3 Cg Cgp C1 Ca €4
Cy C C5 Cg Cp C1 C3

g eC

C3 €1 €4 C5 ©Cg Cop 2
€y Cg €z C3 €4 C5 Oy

is called the set of all matrix networks generated by X.
The set V4(X) is commutative. Let

Coi Csi Ciri C2i Cai Cai Cei
Cai Co4 C3i €44 C54 Cei Cli
Cei Cad Cpi Cri C24 C3i Os4
T = Csi €34 Cgi Cogi C14 Coi Cug
C4i €24 C54 ©Cgi Coi Cli C34
C3i Cii Cai Csi G54 Coi Ca24
Cii Cgi Cai C3i C44 Csi Cog

be n contractions of the set V;(X). Let

) ky Lk
ey ... kn) 21 """’n"

be a complex polynomial over D. Then, the n-tuple {Ty, ..., T,} of
contractions satisfies the von Neumann inequality since all the
elements of the set V;(X) are matrix polynomials of one
variable. That is,

I (Trs wes TN < M f e -

5 Construction of Matrix Graphs of order 8

Matrix graphs play an important role in the construction of matrix
solutions of Diophantine equations. Let a be a positive integer. Let

Agr =

Rooocococo o
o I R e T e [ e B e I T )
SO0 oo~
coooo~RoO
o e I [ TR s i T e |
coo—o oo
o e T e Y . s i e Y
oRoococoo o

be a Rare matrix of order 8 and index 1. We can generate
elements of the set Dg(N) by moving o« between rows of the
matrix A, ;. Indeed,

Aaa =

oR cocoocooo
S o000 0
oo o o=
ocooocoo~=OO
SO0 O0O RO O
Qoo ooo o
[l T I T e B e B e T
e e T s B s Y s i s Y s
SoOpoOocoo O
oo oo
oo o o=
coooco~oO
DD O oD D
—rooooocoo
S ooROoDoo o
D =00 0000

23

o1 000000 0 1000000
00100000 00100000
0o o010 0010 00001000
A= 0o o000 1 010 A= ca 00000 00
et a 00 0 0 0 00 1l 00000100
0o o000 o 110 g 0000010
o000l 00000001
0o o001 o0I10 g 0010000
0o 1 000 g 010 00100000
0o o 01 0 o010 o 00000 00
a 00 0 0 0 00 00010000
4= 00001 o000 4 .= 00001000
i 00000100 [ 00000100
00000010 00000010
o o000l 00000001
00100000 01000000
0o o1 000010 o 0000100
00010000 00100000
o o001 0010 00010000
A= oo o001 01mn Ag= 0 0001000
00000010 00000010
o000l 00000001
01 00 0000 a 00 0 000 0
a 00 0 0 0 00 0 1000000
o 1 000000 01000000
oo 000010 00100000
o0 010000 g 0000100
- O 0001000 A = 00001000
o0 000100 a 00 0 0 0 OO0
a O 00 0 0 0 0 00000010
oo 000001 00000001
oo 00000 00010000

We can check thatAgj =axlgj=1,23,4,56,789,10,11.
The set

G?‘as(x‘la_ﬂ = {J'la_j. flz:j 17 =1,..10, 11.'!?1} C DS(N)

is called the set of all matrix graphs generated by the matrix
A1 We can construct structures sets
CS(Aay) = {Aajks AL -k =1,2,3,..,10,11,...,m}.

The elements of the set CS(A,;) allow us to generate
matrix solutions of the Diophantine  equation
X{+ .+ X=X} ,p=2

6 Construction of Matrix Graphs of order 9

In this section, we are not going to construct all the matrix
graphs of order 9 but only the first 11 one. Let a be a positive
integer. Let

Awp=1 000001000

be a Rare matrix of order 9 and index 1 [3]. We can
generate elements of the set Dg(N) by moving o between rows
of the matrix A,;. Indeed,
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010000000 010000000
001000000 001000000
000100000 000100000
000010000 0Dooa0o10000
Apo=1 000001000 | . Agzs=|00000T10O00D0
000000100 000000010
000000001 a 00000000
a 00000000 0ooo0oo0oo0o001
000000010 0o0ooo0o0oo0100
010000000 010000000
001000000 001000000
000100000 000100000
000010000 000001000
Apg=1 000000100 | . Ass=]a 00000000
a 00000000 0o0ooo0o0oo0100
000000010 000000010
000000001 0ooo0oo0oo0o001
000001000 0Dooa0o1T0000
O1T0000000 01T 00000O00O0
001000000 000100000
o000 1T0000 a 00000000
a 00000000 000010000
A= 000001000 |, Auy=|000001000
Oo00000100 000000100
000000010 000000010
Oo00000001 000000001
000100000 001000000
001000000 000100000
a 00000000 001000000
000100000 000010000
000010000 000001000
Ag=]1 000001000 |, Aup=|000000100
O00000100 000000010
0000000710 000000001
000000001 01T 0000000
0O1T 0000000 a 00000000
000010000 000001000
000100000 000010000
000001000 000000010
000000100 o000 00100
Aso=1 000000010 |, A= 000000001
gooo0oo0oo0o0o001 000100000
001000000 001000000
010000000 o1 o0o000000
a 00000000 a 00000000

We can notice that A7; = a x Iy We can deduce that A,; €

Grag(A,1). Infact,

Grag(A,1) ={A,; 1 =1,2,3,..,11,...,m} cDg(N),m >11.

We can construct structures sets CS(A4,;) = {Aa,j,k,AZ,j,k:k =

1,2,3,..,10,11,...,m}. The elements of the set CS (A,,) allow
us to generate matrix solutions of the Diophantine equation
XP 4+ Xy =X),,p2 2.

7 Main Result

In this section, we show that stable sets of matrix polynomials
generate matrix solutions of Diophantine equations.

Proof of Theorem 1.1

LetS,={aj:aiE£0,aE1;i=1,..,n},n>2, beasetof nprime
numbers. It is obvious that the complex polynomial fs, (x) over
N defined by

fo, () = 2™ — Hai

does not have any positive integer roots for every n. Let fs, (x)
be a matrix polynomial over M,(N) defined by

24

fo(X) = X" = @i x I.
i=1

We need to show that the matrix polynomial fs,(x) admits a
stable set. Let remind ourselves that matrices have different
properties than positive integers. Let a € N be a positive
integer. Assume that

010000 ..000000
go1To0o00 0000000
o000 100 . ..000000
ooo0oo01T0 0000000
oo0oo0oo001 ..000000
ooo0oo0o00 . o000000
A, — S S
ooo0oo0o0o0 . .o010000
Oo0oo0oo00o0 . ..001000
goo0oo0o0o0 o000 100
000000 . 000010
goo0oo0o0o0 . .o000001
a 00 000 oo00o000

be a Rare matrix of order n; and index 1. Then,

0 a 0 0 0 0 0o 0 0 0 0 0
0 0 a 0 0 0O 0 0 0 0 0 0
0 0 0 a 0 0 [ 0 0 0 0
0 0 0 0 ay 0 0o 0 0 0 0 0
0 0 0 0 0 ag 0 0 0 0 0 0
0o 0 0 0 0 0 [ 0 0 0 0
Aa(Sa) = Do - : : :
0o 0 0 0 0 0 0 a,_4 0 0 0 0
0 0 0 0 0 0 0 0 aua 0 0 0
0 0 0 0 0 0 o 0 0 a2 0 0
0o 0 0 0 0 0 0 0 0 0 a,_y 0
0 0 0 0 0 0 0o 0 0 0 0 a,
ay 00 0 0 O o 0 0 0 0 0

The properties of Rare matrices allow us to observe that

n

A8 =] L.

i=1

(7.1)

Define the matrix A,(S,, k) by exchanging a; and the entry a,
between columns. For example,

0 a 0 0 0 0 -0 0 ] 0 0 1)
0 0 az 0 0 0 -0 0 0 0 0 0
D00 a 00 ...0 0 0 0 0 0
0 0 0 0 a; 0 0 0 0 0 0 0
00 0 0 0 a ... 0 0 0 0 0 0
0 0 0 0 0 0 o 0 0 0 0 0 0
A 8.2 =1 + ¢ 1 : N : : :
0 0 0 0 0 0 S0 oan g 0 0 0 0
0 0 0 0 0 0 -0 0 [ — 0 0 0
0 0 0 0 0 0 0 0 0 [ - 0 0
0 0 0 0 0 0 0 0 0 0 a1 0
0 0 0 0 0 0 0 0 0 0 0 a,
az 0 0 0 0 0 0 0 0 0 0 0

The matrix A,(S,) = A.(Sn, 1) generates a set of n matrices

{A.(Sn,K) : k=1, ...,n}which satisfy the equation

Ag(Sp k)" = [[ai x Lk = 1,.on. (7.2)

Define the set CS(Asy) = {Ax(Sn K), Au(Sn, K)T 1k =1,2,...,n}
cD,(N).

This set has a least 2n matrices. Therefore,

fo(X) = X" =[] % L. =0,9X € CS(As,).

i=1

(7.3)

Finally, CS(As,) is a stable set of the matrix polynomial
fsn(x) for every n. We can deduce that the m +1 - tuple

(X, X, Y (S)), X ECS(Agn)
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with

¥Y(5.) =

0
0
]
0
0
0

0
0
0
0
0
iy

0
0
0
0
0

0
0
0
0
0
0

ag
0
0
0
0

4]
0
0
4]
0
0

0o 0 0 ..

ag 00D .
0 ay 0 .
0 0 as

0 0
0 0
0 0
0 0
0 0
0 0

[i— 0
0 (T
0 0
0 0
0 0
0 0

0
0
0
0
0
0

0

s 0

My 3
0
0
0

are matrix solutions of the Diophantine equation

XM+

o X?t — _le

o

m+11 n,m

L= 2.

0
4]
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